We show that the optimal trial wave function of a fractional Chern insulator depends on the form of its electron-electron interaction. The gauge of single particle Bloch bases for constructing the optimal trail wave function is obtained by applying the variational principle proposed by Zhang et al. [Phys. Rev. B 93, 165129 (2016)]. We consider a short-range interaction, the Coulomb interaction, and an interpolation between them, and determine the evolution of the optimal gauge with the different interactions. We compare the optimal gauge with those proposed by Qi [Phys. Rev. Lett. 107, 126803 (2011)] and Wu et al. [Phys. Rev. B 86, 085129 (2012)], and find that Wu et al.'s gauge is close to the optimal gauge when the interaction is a certain mixture of the Coulomb interaction and the short-range interaction, while Qi's gauge is qualitatively different from the optimal gauge in all the cases. Both the gauges deviate significantly from the optimal gauge when the short-range component of the interaction becomes more prominent.
I. INTRODUCTION
Fractional quantum Hall effect (FQHE), which exhibits fractional plateau of the Hall conductance in high magnetic field and low temperature [1] , is one of the most important discoveries of condensed matter physics. Different from the single particle nature of the integer quantum Hall effect (IQHE) [2, 3] , the FQHE is driven by electronelectron interaction [4] [5] [6] [7] . Actually, it is the first topological state ever discovered that is induced by an interaction. For the reason, the study of the effect occupies a center position in theoretical inquiries of condensed matter physics. Moreover, some of FQH states could even find potential applications in topological quantum computing because they support excitations of non-Abelian statistics, which could be utilized to encode quantum information free from local disturbances [8, 9] .
Recently, theoretical studies reveal a new class of lattice models that exhibit FQH states without a magnetic field [10] [11] [12] [13] [14] . All of these models possess at least a flat Chern band that is nearly dispersionless and isolated from other bands by energy gaps, and is topologically nontrivial with a nonzero Chern number. The band imitates a Landau level in ordinary FQH systems. Similar to the case of a Landau level, in the presence of an electron-electron interaction, the band with a fractional filling factor could also exhibit the FQHE, resulting in a fractional Chern insulator (FCI) [15] [16] [17] [18] . The important and remarkable feature of FCIs is that they can potentially be realized in zero magnetic field and high temperature [12, 13] , which is highly desirable for applications.
In order to understand the FQH physics arisen in FCIs, it is important to find a way to construct their manybody ground state wave functions, as Laughlin's wave function for ordinary FQH systems [4] . To this end, Qi * junrenshi@pku.edu.cn proposes a mapping approach which obtains the ground state wave function of a FCI from a FQH wave function of the same filling fraction [19] . Specifically, one expands a FQH many-body wave function in single-body Landau orbitals. By replacing the single-body Landau orbitals with a set of single-body bases constructed in a FCI, we obtain a ground state trial wave function for the FCI. Unfortunately, the mapping method suffers from the arbitrariness of the choices of the Landau orbitals and the FCI bases, as well as the correspondence between them. In this aspect, Qi chooses LLL orbitals in the Landau gauge on a cylinder, and map them to a set of onedimensional localized Wannier functions constructed in the flat Chern band of a FCI [19] . Wu et al. adopt an alternative mapping by considering the effect of finitesize and analogousness of phase between LLL orbitals and Wannier orbitals of a FCI. It achieves a higher overlap with the exact ground state wave function of a FCI compared to Qi's approach [20] [21] [22] .
Zhang et al. indicate that the arbitrariness is actually the choice of a gauge for constructing two-dimensional (2D) localized Wannier functions when mapping a continuous system to a lattice model. From the observation, they establish a general variational principle for determining the optimal gauge that minimizes the interaction energy [23] . An immediate consequence from the consideration is that the optimal gauge should depend on the form of the interaction adopted in a FCI model. This is in sharp contrast with Qi's or Wu et al.'s approaches, both of which prescribe a single mapping for all possible FCI models derived from one lattice model but with different forms of interaction. While the general principle is established in Ref. [23] , its manifestation in a real FCI model was not explicitly demonstrated. It would be desirable to see how the different forms of interaction affect the optimal gauge, and how Qi's and Wu et al.'s choices of the gauge are compared to the optimal one.
In this paper, we demonstrate the dependence of the optimal gauge (or equivalently, the optimal trial ground state wave function) on different forms of electronelectron interaction in the checkerboard model [10] [11] [12] 14] . The optimal gauge is determined by the interaction energy variational principle proposed by Zhang et al. [23] . We consider three forms of interaction, including a short-range interaction which is widely adopted in literatures, the Coulomb interaction, and an interpolation between them. We find that, when varying the form of interaction, the optimal gauge changes significantly. The corresponding Wannier functions, which facilitate the mapping from Landau levels in continuous space to the lattice model, also change in both spatial distribution and symmetry. We compare the optimal gauge with those determined by Qi's proposal and Wu et al.'s proposal. We find that Wu et al.'s gauge can be close to the optimal gauge when the interaction is a certain mixture of the Coulomb interaction and the short-range interaction, while Qi's gauge is qualitatively different from the optimal gauge with a different spatial symmetry for all the cases. Both the gauges deviate the optimal one significantly when the short-range component of the interaction becomes more prominent. The remainder of the article is organized as follows. In Sec. II, we present the tight-binding model of the checkerboard lattice, and three forms of the interaction surveyed in the present work are introduced. The method for determining the optimal gauge as well as its numerical implementation are discussed. In Sec. III, we present the results of the optimal gauges for the three forms of interaction. Finally, Sec. IV contains a concluding remark.
II. MODEL AND METHODS

A. Lattice model
A large number of flat Chern band models of various lattice configurations had been proposed in literatures. These include models with a checkerboard lattice [10] [11] [12] 14] , a kagome lattice [13] , and a honeycomb lattice [14] , all of which possess a flat band with a Chern number C = ±1. Models with a higher Chern number had also been proposed in such as pyrochlore slabs [24] [25] [26] , dice lattice [27] , and triangle lattice [28] [29] [30] . In this paper, for simplicity, we choose the checkerboard lattice model as our system for demonstrating the interaction dependence of the optimal trial wave function of FCIs.
The lattice configuration of the checkerboard model is shown in the left panel of Fig. 1 . The tight-binding Hamiltonian of the model with nearest-neighbor (NN) and next-nearest-neighbor (NNN) hopping terms can be expressed, in the reciprocal space, as [12] :
where ψ k ≡ (α kA , α kB ) T with α kτ being the annihilate operator for a state with a wave vector k and at the sublattice τ = A, B, and σ ≡ (σ 1 , σ 2 , σ 3 ) with σ i , i = 1, 2, 3 being the Pauli matrices. T 1 (k) and T 2 (k) correspond to the NN term between A site and B site, while T 3 (k) is the NNN hopping term in the same sub-lattice, and t 1 and t 2 are respective hopping constants. When t 1 = √ 2t 2 , the bands become flattest [12] . The right panel of Fig. 1 shows the band structure under this condition.
One can diagonalize the Hamiltonian, and obtains two eigenvalues 1,2 (k) = ∓|T (k)| as well as eigenvectors u 1,2 (k):
where
The Chern number of a band can be calculated by integrating the Berry curvature Ω i (k), i = 1, 2 over the Brillouin zone (BZ)
is the Berry connection of the band. For the checkerboard lattice model, the Chern number is found to be C 1,2 = ±1. With a partially filled topological flat band and in the presence of an electron-electron interaction, the system would become a FCI, as demonstrated in Ref. [12] .
B. Interactions
While a flat Chern band provides a playground for electrons, it is the electron-electron interaction that drives the system to a FCI state. The interaction is usually assumed to have the form of the density-density coupling, which in general can be written asĥ int = i,j,τ1,τ2 V τ1τ2 (R i −R j )n iτ1njτ2 , wheren iτ is the particle number operator at the τ sub-lattice of the unit cell i. Since only the partially filled flat band is relevant to the FCI, one can project the interaction to the band and obtainĥ
is the annihilation (creation) operator for a Bloch state in the topological flat band, and N is the total number of unit cells. The interaction matrix element M (k 1 , k 2 ; q) can be written as:
where u 1,τ is the τ -component of the eigenvector Eq. (3),
, and we have assumed that the band 1 is partially filled.
In literatures, the interaction is usually assumed to be of a short-range one which only couples between NNs. It has the form:
In the checkerboard lattice model, it corresponds to:
where U 1 (q) = U 1 (1 + e −iq1 + e −iq2 + e −i(q1+q2)/2 ). While the short-range interaction is convenient for numerical simulations, it is nevertheless very different from interactions in real systems. In real materials, the interaction between two electrons that are spatially far apart should be the Coulomb interaction:
where r τ1 i represents the real-space position of the given lattice site. The interacting potential corresponds to:
2 ) is a vector from A site to B site, and the summation is over the reciprocal lattice vectors G = 2π(m, n).
Moreover, one expects that the electron-electron interaction should deviate from the Coulomb interaction at short distances. This is because an electron in a lattice site of the tight-binding model is actually corresponded to a finite size electron cloud with a spatial distribution instead of an ideal point charge. To take account of the deviation, we introduce an interaction which mixes the short-range interaction and the Coulomb interaction. It reads,
The interaction is an interpolation between the shortrange interaction and the Coulomb interaction, and the ratio U 2 /U 1 controls the relative strengths of the two components. The interaction becomes the pure Coulomb interaction when U 2 /U 1 = 1/ √ 2, while the short-range component becomes more prominent when U 2 /U 1 deviates from the ratio.
The interactions introduced in Eq. (5), Eq. (7) and Eq. (9) are three representative forms which we will survey in this paper. We will determine optimal gauges corresponding to them and demonstrate how the form of interaction affects the construction of the trial ground state wave function.
C. Methods
We determine the optimal gauge by using the variational principle of interaction energy proposed by Zhang et al. [23] . The gauge is represented by a function θ(k), which assigns a U (1) phase to each of the Bloch states in the BZ. The gauge determines the spatial distributions of the 2D localized Wannier functions which facilitate the mapping from Landau levels to a FCI lattice model, and acts as variational parameters for the trial ground state wave function. Accordingly, θ(k) are determined by the variational principle of ground state energy, which is equivalent to minimizing the interaction energy functional [23] :
where Π(k 1 − k 2 ; q) is the two-particle correlation function of the FQH state to be mapped, and can be determined by [23] :
where ν is the filling factor, R denotes a lattice vector,
is the Laguerre function, and the coefficients c 2k+1 for ν = 1/3 and 1/5 can be found in Ref. [31] .
We define the correlation energy E corr = E int − E HF , where E HF is the mean-field interacting energy determined by the Hartree-Fock approximation, and can be written as:
which is independent of the choice of the gauge. Different choices of the gauge affect how electrons are correlated locally, and give rise to different correlation energies. We adopt the correlation energy as an indicator for the quality of a trial ground state wave function.
The function θ(k) can be used to construct the projected Wannier functions [23] :
where ϕ 1k (r) is a magnetic Bloch wave function of the LLL with the same Chern number C 1 as the partially filled flat Chern band. The gauge of ϕ 1k (r) and u 1 (k) should be regularized to satisfy the same quasi-periodic conditions for ψ k ≡ ϕ 1k or u 1 (k):
where K 1 = 2π(1, 0), K 2 = 2π(0, 1). The Wannier functions are spatially localized and can be employed to map a Landau level to the partially filled flat Chern band. The mapping facilitated by the Wannier functions is equivalent to mapping the magnetic Bloch wave functions ϕ 1k to the lattice Bloch wave functions u 1 (k)e iθ(k) , through which {θ(k)} become variational parameters of the trial ground state wave function. While mappings with different {θ(k)} lead to the same kinetic part of a FCI hamiltonian, their interaction energies will be different due to different density distributions of the Wannier functions. A direct application of the variational principle of ground state energy immediately leads to the variational principle dictated by the interaction energy functional Eq. (10).
D. Numerical implementation
We implement our numerical calculation in a discretize BZ with a 21 × 21 mesh of k points. In the real space, it corresponds to a finite size lattice with 21 × 21 unit cells and periodic boundary conditions. The size is much larger than the coherence length beyond which Π (R, q) approaches a constant (See Fig. 3 of Ref. [23] ). We focus on the case of a ν = 1/3 filled band which is a counterpart of the FQH state with the filling factor ν = 1/3.
The regularized Bloch wave functions consistent with the quasi-periodic conditions Eq. (16) can be explicitly chosen. For the magnetic Bloch wave functions, we adopt the form:
The lattice Bloch wave function u 1 (k) can be regularized in the discretize BZ. Starting from u 1 (k = 0), the phases for the wave functions along the k 2 axis are chosen to satisfy the condition:
for n = 0 . . . M − 2, where u m,n denotes the lattice Bloch wave function u 1 (k) at the mesh point (m, n) of the discretized BZ, and M = 21 is the size of the mesh. Then, the phases of other Bloch wave functions are chosen to satisfy the condition:
for m = 0 . . . M − 2, n = 0 . . . M − 1. Finally, we make a global gauge transformation:
where δ 0 = arg u 0,0 |u 0,M −1 , and δ n = u 0,n |u M −1,n . These regularized wave functions define our initial gauge, which corresponds to θ(k) = 0 in the energy functional Eq. (10). It turns out that the initial gauge is exactly the gauge adopted in Qi's approach [19, 23] .
To determine θ(k) that minimizes the energy functional, we employ the steepest descent algorithm. We run multiple iterations starting from different initial values, and check whether they converge to the same result. In this way, convergences to global minimums are guaranteed.
III. RESULTS
A. Optimal gauge for the short-range interaction
We determine the optimal gauge for the short-range interaction defined in Eq. in the BZ and the spatial distribution of corresponding projected Wannier functions at the A-site are shown in the left panel and right panel of Fig. 2(a) , respectively. For comparison, we also show results for Wu et al.'s gauge [20] , the maximally localized gauge that gives rise to a projected Wannier function maximally localized in the real space, as well as a symmetric gauge which give rises to a C 4 symmetric Wannier function. The last two gauges are defined in Ref. [23] . We find that θ(k) of the optimal gauge has an amplitude ∼ π/4. It shows a sig- [23] proves that the maximally localized gauge is the optimal gauge for a soft and isotropic interaction. Hence, Qi's gauge should be good for the case, but is not a good choice for the short-range interaction. Finally, the symmetric gauge has a distribution of θ(k) distinct from the optimal gauge.
We also show the spatial distributions of the corresponding Wannier functions at the A-site for different gauges in the right panel of Fig. 2 . The Wannier function of the B-site can be obtained by a reflection with respect to the diagonal y = x. We observe that both the Wannier functions for the optimal gauge and Wu et al.'s gauge have the mirror symmetry with respect to the y-axis, while the one for Qi's gauge (or the maximally localize gauge) has the mirror symmetry with respect to the diagonal y = −x. It indicates that Qi's gauge is qualitatively different from the optimal one. Comparing Wu et al.'s gauge and the optimal gauge, we find that the former is more localized spatially, and the latter is elongated along the y-direction. Table I shows the comparison of the interaction energies and correlation energies for different gauges in the short-range interaction. Compared to the optimal gauge, the other three gauges show significantly higher (> 10%) correlation energies. Among them, Wu et al.'s gauge is closest to the optimal one. The symmetric gauge turns out to be the worst since it is based on an ad hoc requirement that the Wannier function should have the same point group symmetry as its hosting lattice. 
B. The optimal gauge for the Coulomb interaction
We also determine the optimal gauge for the Coulomb interaction, shown in Fig. 3 . Compared to the optimal gauge for the short-range interaction, the Wannier function becomes more localized spatially and shorten along the y direction. The observation is a clear indication that the optimal gauge depends on the form of interaction.
In Table I , we also show that the interaction energy and correlation energy per electron for the Coulomb interaction. We observe that the difference in the energy between different gauges becomes much smaller. This is not surprising because different gauges only change the density distribution of the Wannier function. The local change can only affects the short-range correlations of electrons, and has a relatively minor effect when the interaction is of a long-range one.
C. Evolution of the optimal gauge with interactions
After establishing the dependence of the optimal gauge on the form of interaction, we proceed to see how the optimal gauge evolves with different forms of interactions. We adopt the mixed form of the interaction Eq. (9), and determine optimal gauges for different values of U 2 /U 1 . Figure 4 shows the evolution of corresponding Wannier functions. We observe that the overall shapes of the Wannier functions undergo clearly visible changes, from a elongated triangle pointing downward for the shortrange interaction (U 2 /U 1 = 0), to a nearly equilateral triangle pointing downward when U 2 /U 1 = 1, and to triangles pointing upward when U 2 /U 1 is further increased. Actually, the Wannier function for the interaction (U 2 /U 1 ∼ 1) is very close to that in Wu et al.'s gauge shown in Fig. 2(b) .
In Fig. 5 , we show the correlation energy corresponding to Qi's gauge and Wu et al.'s gauge relative to that of the optimal gauge versus the ratio U 2 /U 1 . We see that the correlation energies of both the gauges can be close to that of the optimal gauge when the strengths of the short-range interaction and the Coulomb interaction are approximately equal (U 2 /U 1 ∼ 1), but deviate significantly when the short-range component of the interaction becomes more prominent (U 2 /U 1 1 or 1). This is not surprising because our variational degrees of freedom θ(k) affects mainly short-range correlations in the trial ground state wave function by modifying the spatial distribution of the Wannier functions. Its effect to a system with a long-range interaction like the Coulomb interaction would be minimal. We also observe that while Wu et al.'s gauge can be very close to the optimal gauge when U 2 /U 1 ≈ 1, it actually becomes worse than Qi's gauge when U 2 /U 1 1 . This is because in the regime, both the gauges are qualitatively different from the optimal gauge, and Qi's gauge is actually relatively closer to the optimal one, as evident from Fig. 4 and Fig. 2(b, c) .
IV. CONCLUDING REMARK
In conclusion, we have demonstrated the evolution of the optimal gauge for constructing the trial wave function of the FCI in the checkerboard model. It clearly indicates that the optimal gauge is not only determined by the kinetic property of a flat Chern band, but also the form of interaction. We also compare the optimal gauge with those proposed by Qi and Wu et al.. We find that both the gauges deviate from the optimal one when the short-range component in the interaction becomes more prominent, although Wu et al.'s gauge can be very close to the optimal gauge for a certain mixture of the short-range interaction and the Coulomb interaction (U 2 /U 1 ∼ 1).
